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Scattering amplitudes of light-cone dominated
hadronic processes are usually represented by
the convolution of a hard (process-dependent)
partonic scattering amplitude with appropriate
soft (process-independent) distribution ampli-
tudes (DA). Different phenomenological DA’s, as
parton distributions (PD) in deep inelastic scat-
tering and in Drell-Yan processes, hadronic wave
functions as well as generalized parton distribu-
tions (GPD), like double distributions (DD), are
given as (non-forward) matrix elements of some
nonlocal QCD light-cone operators. Thereby, one
and the same operator may be related to different
hadronic processes. Moreover, these operators by
its twist decomposition also contribute to differ-
ent DA’s. Therefore, it is necessary to disentangle
these various twist contributions.
Conventionally, the notion of dynamical twist
(t) is taken [1] by counting powers of the mo-
mentum transfer, Q2−t, thereby using the (quark)
equations of motion in the light-cone formulation.
Being defined only for matrix elements of opera-
tors it is easily determined experimentally by sim-
ple counting rules. However, this phenomenologi-
cal notion is not Lorentz invariant and, for general
non-forward matrix elements, it is not uniquely
defined resulting in some arbitrariness in the def-
inition of GPD’s. Furthermore, it cannot distin-
guish uniquely between radiative and kinematical
resp. mass corrections of scattering amplitudes
and, beyond leading order, the higher dynami-
cal twists t are mismatched with geometric twists
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τi ≤ t to be considered now.
Recently, we used a group theoretic proce-
dure [2] to decompose nonlocal QCD operators
into a series of operators of definite geomet-
ric twist τ = dimension d – spin j. For
the ‘centred’ tensor operators, OΓ(κx,−κx) =
ψ¯(κx)ΓU(κx,−κx)ψ(−κx), the consecutive steps
of that twist decomposition are:
(1) Taylor expansion of the nonlocal tensor opera-
tor into an infinite tower of local tensor operators
OΓµ1...µn having rank [Γ] + n and dimension d;
(2) Decomposition of these local operators into ir-
reducible ones – with respect to the Lorentz group
– whose symmetry class is characterized by Young
patterns [m] = (m1,m2, . . . ,mr) of r rows;
(3) Resummation of the irreducible local tensor
operators belonging to the same symmetry class
[m] and having the same twist τ to a nonlocal
tensor operator with definite twist.
This gives the infinite off-cone decomposition:
OΓ(κx,−κx) =
∑
τ≥τmin
c
(τ)Γ′
Γ (x)O(τ)Γ′ (κx,−κx),
O(τ)Γ (κx,−κx) = P(τ)Γ
′
Γ (x, ∂)OΓ′(κx,−κx),(P(τ) × P(τ ′)) Γ′
Γ
= δττ
′P(τ)Γ′Γ ,
where P(τ)ΓΓ′ are well-defined projection operators,
and c
(τ)Γ′
Γ (x) are coefficient functions depending
on (powers of) x2 and, according to the tensor
structure Γ, also on xµ and/or ∂µ.
(4) Projection onto the light–cone, x → x˜ with
x˜2 = 0, results in a finite on-cone decomposition
because then only a finite number of the coeffi-
tient functions survive.
2The scalar operator ψ¯(κx)xγψ(−κx), for ex-
ample, has the following infinite decomposition:
O(κx,−κx) = Otw 2(κx,−κx) +
∞∑
j=1
(−1)j(κx)2j
4jj!(j − 1)!
×
∫ 1
0
dt t (1− t)j−1Otw(2+2j)(κtx,−κtx),
with the harmonic operators of twist τ = 2 + 2j:
Otw(2+2j)(x,−x) =
∫
dq
(
ψ¯γµψ
)
(q) (−q2)j
{[
xµ
×(2 + q∂q)− 12 iqµx2
]
(3 + q∂q)H2
(
(qx)2−q2x2)
−2j iqµ
q2
(1 + q∂q)H1
(
(qx)2−q2x2)} eiqx/2,
where Hν(z) =
√
pi (
√
z)
1/2−ν
Jν−1/2
(
1
2
√
z
)
.
In contrast to dynamical twist the geometric
twist is a Lorentz invariant notion for operators
and, being a ‘good’ quantum number, is con-
served under renormalization. The matrix el-
ements of O(τ)Γ (κx,−κx) define general (multi-
variable) DA’s of definite twist τ :
• forward matrix elements on the light-cone are
related to new twist-τ parton distributions [3],
• non-forward off-cone matrix elements lead to
new generalized twist-τ distribution amplitudes
and their power resp. mass corrections [4],
• new twist-τ meson distribution amplitudes are
obtained as special cases [5,4].
The price for the field theoretical advantages
of the new GPD’s is that they are experimentally
not as easily accessible as the conventional ones
are. However, both kinds of GPD’s are uniquely
related and, from these relations, without use of
equations of motion, one obtains [3]
• Wandzura-Wilczek–like integral relations, and
• Burkhardt-Cottingham–like sum rules,
for the conventional (quark) distributions of dy-
namical twist; this generalizes also to multi-
variable GPD’s and meson DA’s, for the latter,
see, [5].
Before introducing double distributions of def-
inite twist let us consider the most general
parametrization of non-forward matrix elements:
〈P2, S2|OΓ(κx,−κx)|P1, S1〉
= KaΓ(P)
∫
DZ eiκ(xP)Z fa(Z,PiPj , x2;µ2),
where the following notations have been used:
P = {P+, P−}, Z = {z+, z−} with P± = P2±P1,
z± =
1
2
(z2 ± z1), DZ = dz1dz2θ(1 − z1)θ(z1 +
1)θ(1 − z2)θ(z2 + 1). The support restriction,
−1 ≤ zi ≤ 1, occurs since the matrix elements
are entire analytic functions r.w.t. (xPi).
KaΓ(P) are linear independent spin structures be-
ing defined by the help of (free) hadron wave
functions, e.g., for virtual Compton scattering the
Dirac and Pauli structures, u¯(P2, S2)γµu(P1, S1)
and u¯(P2, S2)σµνP
ν
−u(P1, S1)/M , respectively.
fa(Z,PiPj, x2;µ2) are associated (renormalized)
two-variable distribution amplitudes.
Correspondingly, non-forward matrix elements
of operators with definite twist τ read:
〈P2, S2|O(τ)Γ (κx,−κx)|P1, S1〉
= KaΓ(P)
∫
DZ eiκ(xP)Z f (τ)a (Z,PiPj, x2;µ2)
= P(τ)Γ′Γ (x, ∂x)KaΓ′(P)
∫
DZ eiκ(xP)Z f (τ)a (Z;µ2),
where, in the first equality, using the twist de-
composition of the operators the corresponding
twist-τ DA’s have been introduced and, in the
second equality, using the Fourier representation,
O(τ)Γ (κx,−κx) = P(τ)Γ
′
Γ (x, ∂x)
∫
d4q eiκxqOΓ′(q),
and observing that the twist projections act on
the exponentials only the double distributions
f
(τ)
a (Z;µ2) of definite twist τ not suffering from
any power corrections are introduced.
Therefore, the power corrections of the DA’s
f
(τ)
a (Z,PiPj, x2;µ2) are related to the DD’s
f
(τ)
a (Z;µ2) according to:
f (τ)a (Z,PiPj , x2;µ2) =
(K−1(P))Γ
a
×
(
e−iκ(xP)Z P(τ)Γ′Γ eiκ(xP)Z
)
Ka′Γ′(P) f (τ)a′ (Z;µ2)
≡ F (τ)a′a
(
(xPZ), x2(PZ)2) f (τ)a′ (Z;µ2),
where F (τ)a′a is uniquely related to the twist de-
composition of the operators and contains any
information about the power corrections of the
twist-τ DD’s. Since they are independent of x2
their renormalization properties are already de-
termined by the light-cone operators of definite
twist. For the explicit structure of these opera-
3tors, see, Ref. [2,3], and for the non-forward ma-
trix elements, see, Ref. [4].
The (quark) distributions fˆ
(τ)
a (z;µ2) of definite
twist τ are obtained by taking forward matrix el-
ements (P1 = P2 = P, S1 = S2 = S) and restrict-
ing to the light-cone; they are obtained from the
DD’s according to [4]
fˆ (τ)a (z;µ
2) =
∫
dz− f
(τ)
a (z+ = z, z−;µ
2).
Now we present the above mentioned relations
between the conventional quark distributions of
dynamical twist [1], e, f1, f4, g1, gT = g2+g1, g3,
h1, hL and h3, and those of geometric twist, be-
ing denoted by E(3), F (2), F (4), G(2), G(3), G(4),
H(2), H(3) and H(4), respectively (cf. Ref. [3]):
gT (z) = G
(3)(z) +
∫ 1
z
dy
y
(
G(2) −G(3)
)
(y) ,
g3(z) =
∫ 1
z
dy
y
{1
2
(
G(2) − 4G(3) + 3G(4)
)
(y)
+ ln
(z
y
)(
G(2) − 2G(3) +G(4)
)}
− 1
2
G(4)(z),
f4(z) =
1
2
F (4)(z) +
1
2
∫ 1
z
dy
y
(
F (2) − F (4)
)
(y) ,
hL(z) = H
(3)(z) + 2z
∫ 1
z
dy
y2
(
H(2) −H(3)
)
(y) ,
h3(z) =
1
2
H(4)(z) +
∫ 1
z
dy
y
{(
H(2) −H(4)
)
(y)
−z
y
(
H(2) −H(3)
)
− 1
2
δ
(z
y
)(
H(3) −H(4)
)}
.
For leading twist both types of PD’s coincide:
g1(z) = G
(2)(z), f1(z) = F
(2)(z), e(z) = E(3)(z),
and h1(z) = H
(2)(z). The corresponding inverse
relations are:
G(3)(z) = gT (z) +
1
z
∫ 1
z
dy
(
gT − g1
)
(y) ,
G(4)(z) = −
{ 1
z2
∫ 1
z
dy y
[(
6g3 + 4gT − g1
)
(y)
+
(
1− z
y
)(
2g3 + 4gT − 3g1
)
(y)
]
+ 2g3(z)
}
,
F (4)(z) = 2f4(z) +
1
z
∫ 1
z
dy
(
2f4 − f1
)
(y) ,
H(3)(z) = hL(z) +
2
z
∫ 1
z
dy
(
hL − h1
)
(y)
H(4)(z) = 2
{
h3(z) +
1
z2
∫ 1
z
dy y
[(
2h3 − hL
)
(y)
−
(
1− z
y
)(
hL − h1
)
(y)
]}
.
The direct relations define the decomposition of
the conventional PD’s into their parts of definit
geometric twist. They may lead to Wandzura-
Wilczek–like relations. For example, the twist-2
part of g2(z) obviously coincides with the well-
known WW–relation, g
(τ=2)
2 (z) ≡ gWW2 (z) =
−g1(z) +
∫ 1
z
dy
y g1(y), and for g3(z) one gets two
WW–like relations,
g
(τ=2)
3 (z) =
∫ 1
z
dy
y
(1
2
+ ln
z
y
)
g1(y),
g
(τ=3)
3 (z) = −2
∫ 1
z
dy
y
(
1 + ln
z
y
)
×
(
gT (y) +
1
y
∫ 1
y
du g2(u)
)
.
Analogously for the other distributions [3]. From
their lowest moments one obtains Burkhardt-
Cottingham–like sum rules, e.g., for g3(z) from
the first moments n = 0, 1 one gets [3]:∫ 1
0
dz g3(z) = −1
2
∫ 1
0
dz g1(z),
∫ 1
0
dz z g3(z) = −1
2
∫
dz z (g1 + 2g2)(z),
which may be of phenomenological advantage.
The inverse relations show that the PD’s of def-
inite twist are uniquely determined by the con-
ventional ones.
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